@ When we quantize a system consisting of a single particle, the proper time τ and the rest mass m are usually dealt with as parameters. In the present article, however, we introduce a new quantization rule by which these quantities are regarded as operators in addition to the position and the momentum. Applying this new rule to a scalar particle and to a particle with spin 1/2, we analyze the time evolution of the operator τ . In the former case, the evolution of the proper time perfectly matches several well-established classical formulae. In the case of the particle with spin 1/2, our new rule implies that an oscillation appears in the time evolution of the operator τ . This oscillation is similar to Zitterbewegung which is well-known in the ordinary Dirac theory. We formulate one physical effect of this oscillation by considering the interaction with a gravitational field, and estimate how small it is. PACS numbers: 03.65.Bz,
I. INTRODUCTION
We discussed a clock in a previous article 1 : Analyzing several processes of measuring the mass of the clock, we concluded that there should exist an uncertainty relation
between the rest mass m and the proper time τ of the clock. Moreover, considering the fact that the proper time of a clock is clearly an observable quantity, we suggested that it should be included as a dynamic variable in the appropriate Lagrangian. We showed that, with this assumption, the general momentum conjugate to the proper time τ is necessarily the rest energy 
whenever the system is quantized. Of course, the uncertainty relation (1) follows from the commutation relation (2) .
The principal reasons why we chose to discuss a clock in the previous article are: (i) It seems quite natural that we regard the proper time of a clock as an observable quantity of the system. (ii) Therefore, we can hold, with rather strong conviction, the point of view that the proper time should be dealt with as an operator. (iii) Moreover, some authors 2, 3 have shown that if a system has some function as a clock, then the mass of the system has to fluctuate to an extent.
On the other hand, in the theory of classical mechanics, the concept of the proper time of a particle is introduced through the equation
where (t, x) are the coordinates of the particle when observed from an inertial system. Hence it is defined for every particle irrespective of whether the particle has some function as a clock or not. Moreover, it turns out that the analysis of means of measuring the mass of a clock developed in the introduction to Ref. 1 can be applied to every particle, and that the same uncertainty relation (1) is valid for every particle, again irrespective of the function of that particle.
From these considerations, we are led to the idea that proper time and mass should be regarded as operators not only for a clock but also for an arbitrary particle. The objective of the present article is to investigate the validity of this idea. We approach it in the following way:
1. We postulate a new quantization rule by which proper time τ and rest mass m are dealt with as self-adjoint operators that satisfy the commutation relation
whenever a system of a single particle is quantized.
2. We apply this new rule to some typical cases and examine whether the implications of the rule match any well established fact.
3. We must formulate some predicted new phenomena, and discuss detection methods.
Of course, we fully realize that the new rule introduces various problems. For example, it is not trivial that the proper time of such a stable particle as an electron is an observable quantity, and therefore it seems difficult to justify our postulate in such a case. Hence, there is some ambiguity as to the universality of the new rule.
Furthermore, by using Pauli's reasoning 4 , it can be shown that the mass operator m cannot have any discrete eigenvalue if the commutation relation [τ, m] = ih/c 2 is assumed. This situation seems very unrealistic if we judge from the simpleminded view that mass should be consideded as a discrete constant. On the other hand, as mentioned above, if a system has some function as a clock, then the mass of the system fluctuates to some extent. This suggests that our approach may have some advantage for describing such a system. We do not, however, have any completely satisfactory answer to these problems concerning the mass spectrum at present.
We hope to discuss these problems in subsequent papers. Here, we focus our attention on the time evolution of the operator τ . (In order to avoid unnecessary confusion, we must emphasize that each Hamiltonian considered in this paper does not include proper time as a variable, and that the Heisenberg representation of the operator m therefore satisfies the equation dm(t)/dt = 0, that is, the quantity m is conserved.)
In the next section, we apply our new rule to a system consisting of a scalar particle moving in a gravitational field. As for the time evolution of τ , the implications of the rule completely match both the classical formula for the time delay of a moving particle and the relativistic red-shift formula. In the third section, we apply the rule to a free particle with spin 1/2. In this case, there appears an oscillation in the time evolution of τ . The oscillation is similar
to Zitterbewegung which appears in the orbit of the particle in the ordinary Dirac theory.
However, it turns out that we can never observe any physical effect of the oscillation so long as we deal with a free particle. In the fourth section, in order to see some physical effect of this oscillation, we consider a particle with spin 1/2 moving in a gravitational field. In this situation, we can formulate a physical effect, but, as estimated in the last section, it is very small. We close this paper by showing that proper time cannot be dealt with as an operator in ordinary quantum theories.
In the present article, we use the system of units in which the equations c =h = 1 are assumed.
II. SCALAR PARTICLE IN A GRAVITATIONAL FIELD
A gravitational field g µν is assumed to be given, and we consider a scalar particle moving in the field. We assume for simplicity that the field g µν is so-called static in the following sense:
1. The functions g µν depend only on
2. For j = 1, 2, 3 , we have g j0 (= g 0j ) = 0.
We consider
as the Hamiltonian of the system, i.e. the energy of the particle, where f is defined by g 00 = −f 2 (f > 0) and t ≡ x 0 is regarded as the independent variable.
We quantize this system according to our new rule mentioned in the introduction: We consider the proper time τ and the rest mass m as operators which satisfy the commutation
as well as the position x j and the momentum p j satisfying the ordinary commutation relations.
The operators τ, m, x j and p j (j = 1, 2, 3) can be represented in the Hilbert space of square
In particular, the operator m is represented by the dif-ferential operator −i∂/∂τ , and therefore the rest mass m cannot have any discrete spectrum.
As mentioned in the introduction, we do not attempt, in the present article, to discuss the problems concerned with such a mass spectrum. Instead, we focus our attention on the time evolution of the operator τ . We should note here that m is conserved because the Hamiltonian (3) does not depend on the variable τ .
For the Heisenberg representation of the operator τ
we find, by using the commutation relations (4), thaṫ
where the dot denotes the differential with respect to the parameter t.
Hence, if the space-time is flat, then we havė
Consider a state for which the momentum operator p and the mass operator m have definite values p and m (> 0) respectively. The mean value of (6) in such a state is equal to
where we have used the expression
(v ≡ the velocity of the particle).
The equation (7) completely matches the classical formula for the delay of proper time of a moving particle.
On the other hand, if the space-time is the Schwarzschild's exterior solution, then the function f has the form
when viewed from a suitable coordinate system. Consider a state which satisfies the condition that it is not only well localized around a point but also has a negligible momentum p compared with the value of mass m. If we consider the mean value of (5) in such a state, then we have
for sufficiently small t. The equation (8) leads to the relativistic red-shift formula.
Thus, in this case, there is no contradiction with such well-established facts concerning the time evolution of proper time.
III. FREE PARTICLE WITH SPIN 1/2
In this section, we quantize a system of a free particle with spin 1/2 according to our new rule. We consider the Dirac's Hamiltonian
(Though the same Hamiltonian is used, the following argument will be different from the ordinary Dirac theory in the sense that mass m is dealt with as an operator.) As is well known, α j (j = 1, 2, 3) and β are Hermitian matrices such that
In the present article, we occasionally use the representation 
Furthermore, we have
and
Solving (12), we getβ
and combining (10), (11) and (13), we geṫ
where H −1 denotes the inverse operator of H.
The equation (14) is similar to the equatioṅ
which is quite familar in the ordinary Dirac theory 6 . The oscillation which appears in (15) is named Zitterbewegung. The fact that a similar oscillation appears also in the time evolution of τ is one of the results of our new quantization rule. (In the ordinary Dirac theory, proper time is considered only as a parameter, and therefore the question of oscillation does not arise.
We will argue this point in detail in the last section of this paper.)
The momentum p, the mass m, and the energy H mutually commute, and therefore there exists a state for which those operators p, m, and H have definite values p , m (> 0), and
respectively. We will take the mean value ofτ in such a state with the positive energy.
The mean value of the last term m/H of (14) is equal to
On the other hand, the mean value of
turns out to be 0. This can be shown in the following way: We denote the projection operator to positive energy states by P + . That is to say, defining an operator
we set
Then we have
and hence we have
This implies that the mean value of the oscillating term (β − mH −1 ) e −2itH in the positive energy state is equal to 0.
Therefore, combining (16) and the above result, we have
which completely corresponds to the classical formula for the time delay of a moving particle (see, Eq. (7)).
Thus we have shown that although a strange oscillation appears in the time evolution of τ , it does not reveal any physical effect as long as we consider positive energy states.
IV. SPIN 1/2 PARTICLE IN A GRAVITATIONAL FIELD
In this section, we consider the interaction with a gravitational field. Then, as shown in the following, we can formulate a new phenomenon induced by the oscillating term.
The covariant Dirac equation in a curved spacetime is given by
where γ α are Dirac matrices associated with the spin 1/2 irreducible representation of the Lorentz group, V α µ is a vierbein, and Γ is defined by
The metric tensor g µν is related to the Minkowski metric η αβ = dig(−1, 1, 1, 1) by
In the present article, we use the representation of the Dirac matrices:
We consider the Earth's gravitational field. We can introduce 8 a coordinate system {x µ } in which we approximately have
near the particle, where g denotes the acceleration of gravity. Then the vierbein has the form 
where we have made some approximations assuming that φ 1.
Here we regard the equation (20) as the Schrödinger equation for the particle, and we consider the right-hand side of (20) as the Hamiltonian operator (say,H). The Hamiltonian operator should be Hermitian, so it is natural to think thatH has the form
where H is the free Hamiltonian given by (9) and we have set
Now, for the Heisenberg representation of the operator τ
Let ψ be a state which satisfies the following conditions:
1. It is an eigenstate of H with a positive eigenvalue (say, E).
2. When it is decomposed into the sum of eigenstates of m, negative eigenvalues never appear in the spectrum.
We will take the mean value ofτ in such a state ψ at t = 0.
First, we haveτ
Second, we consider the mean value of (β − mH −1 ) {1 + φ(x)}. Note that it is equal to the mean value of (β − mH −1 ) φ(x) by virtue of (17). We can show by calculation that ψ has the
when represented as a function of the variables τ and x, where Ψ is a two-component function which satisfies the condition
Using this form, we have
The first term in the last line offsets the second one by virtue of the condition (24), and the product i(σ · p)σ 3 in the third term can be replaced by
because the mean value should be a real number. Eventually we have
Combining (23) and (25), we finally have
Let us assume that the operators p and m have very sharp values p and m (> 0), respectively, in the state ψ. Then, by virtue of (24), E can be estimated as
and the equation (26) can be rewritten as
The second term on the right-hand side of (27) is estimated as
and it corresponds to the right-hand side of (18). On the other hand, the first term is one effect of the oscillating term appearing in (14).
Thus we have succeeded in formulating a new phenomenon induced by the oscillating term in (14) by considering the interaction with a gravitational field.
We here have to note that the normalization condition ψ = 1 can be expressed in the
V. DISCUSSIONS
Now we would like to estimate how small the first term on the right-hand side of (27) is.
We consider how small it is compared to the second term:
where we have used the condition (28).
For an electron and a muon, we have The expressions
mean that g can be interpreted as the rate of change of the metric tensor per unit length.
Therefore we can suppose that the ratio (29) can be the order of 1 only when the space-time is so curved that the metric tensor varies conspicuously even in the region of the Compton wavelength 1/m of the particle.
The first term on the right-hand side of (27) has the remarkable characteristic that it depends on the directions of the spin and the momentum. We might be able to devise some good experiment to observe this effect by making use of this characteristic. In any case, it is certain that we have to devise a rather precise method in order to see such a small effect.
Unfortunately, at present, the authors cannot suggest such a suitable experiment, but sincerely hope that experimentalists will pay attention to this subject.
Thus we have discussed a new quantization rule that treats the proper time and the rest mass as operators. The rule led us to the existence of an oscillating term in the time evolution of the proper time of a spin 1/2 particle. We have formulated one physical effect of this term, and have estimated how small it is.
Before closing this paper, in order to emphasize the significance of our argument, we need to confirm that those quantities cannot be dealt with as operators in ordinary quantum theories.
To make our discussion as concrete as possible, we examine whether the proper time can be dealt with as an operator in the ordinary Dirac theory.
In the classical relativistic mechanics, the proper time τ is defined by the equatioṅ
where x(t) represents the orbit of the particle. If we attempted to deal with the proper time as an operator in the Dirac theory, we would first think of utilizing this definition, that is, we would try to define the "time evolution of operator τ " by replacingẋ in (30) by the operatoṙ x(t) = α(t) given by (15). However, this method can be dismissed trivially, because the equation (15) tells us thatẋ (t) 2 = α(t) 2 = 3, and therefore the above mentioned substitution only leads us to the meaningless equatioṅ
If we must replaceẋ in (30) by some operator, it probably should be pH −1 , which is only a part of the operatorẋ(t). In fact, this substitution leads us tȯ
